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SEPARATION AND PURIFICATION METHODS, 5(1) , 139-188 (1976) 

PROGRESS I N  PARAMETRIC PUMPING 

Richard G. Rice 
U n i v e r s i t y  o f  (lueensland 

S t .  Luc ia,  Queensland, A u s t r a l i a  

I n t r o d u c t i o n  
Parametr ic  pumping i s  the name g iven t o  a novel separa t i on  

dev ice developed by Richard Wilhelm and co-workers(”2y3). The 
p r i n c i p l e  o f  ope ra t i on  depends on an immobile phase (e.g. adsor- 
ben t )  t o  a l t e r n a t e l y  r e t a r d  and re lease se lec ted  species. T h i s  
a c t i o n  coupled w i t h  a synchronous p e r i o d i c  f l u i d  f l o w  causes t h e  
s e l e c t i v e l y  adsorbed species t o  be l i t e r a l l y  pumped f rom one 
r e g i o n  t o  another. I n  t h e  successfu l  exper iments(2s3) ,  a s i n g l e  
packed column was used w i t h  r e s e r v o i r s  a t tached t o  each end. A 
water  j a c k e t  surrounding the bed was heated o r  cooled synchronously 
w i t h  p e r i o d i c  f l u i d  motion. F igure 1 o u t l i n e s  t h e  p r i n c i p l e  o f  
operat ion.  E s s e n t i a l l y ,  t he  process operates i n  a “bucket-brigade’’  
fashion. I f  one fo l lows the t r a v e l s  o f  a s i n g l e  s o l u t e  (see F igure 
1) i n  a non-adsorbable s o l v e n t  we see t h a t  d u r i n g  downflow t h e  
column i s  cooled thus r e t a r d i n g  (adso rp t i on  s tep)  the so lu te ,  
a l l o w i n g  the  s o l v e n t  t o  move unimpeded. 
changes t o  an upward motion, t he  column i s  heated, r e l e a s i n g  
(deso rp t i on  s tep)  the  s o l u t e  and sweeping i t  upward. 
t h i s  cyc le ,  one sees t h a t  the s o l u t e  hops i n  bucket-brigade fash ion  
toward t h e  upper r e s e r v o i r  u n t i l  i t  i s  e v e n t u a l l y  captured. S e p a r s  
t i o n  fac to rs  (i.e., r a t i o  o f  r i c h  t o  l ean  r e s e r v o i r  composi t ion)  

as l a r g e  as 10 :1 have been r e ~ o r t e d ( * ’ ~ ) .  The fundamental 

When t h e  f l o w  d i r e c t i o n  

Repeating 
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U 

FIGURE l a  
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FIGURE l b  

FIGURE 1 

(a) Schematic representation of the journey of a solute molecule 

(b)  Schematic of a closed direct-thermal-mode parapump 

d r i v i n g  force f o r  separat ion i s  the adsorbed phase concen t ra t i on  
d i f f e r e n c e  a t  the two o p e r a t i n g  temperatures. 

depends on the  shape o f  t he  isotherms as shown i n  F igure 2. The 
method o f  ope ra t i on  thus  o u t l i n e d  has been c a l l e d  t h e  d i r e c t -  

Th i s  d i f f e r e n c e  
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PROGRESS IN PARAMETRIC PUMPING 141 
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FIGURE 2 

Typical  adsorp t ion  isotherms for successful parapump opera t ion  

t h e r m a l - r n ~ d e ' ~ ) .  The p r i n c i p l e  o f  ope ra t i on  i s  n o t  l i m i t e d  t o  a 
t h e r m a l l y  induced re ta rda t i on - re lease  step, and i n  f a c t  Thompson 
and Bass (4,5) r e c e n t l y  used e l e c t r o d e  p o t e n t i a l  t o  induce re ta rda -  
t i o n .  
r e s u l t s  whereby a porous carbon e l e c t r o d e  susta ined markedly d i f -  
f e r e n t  adso rp t i on  l e v e l s  of biosubstances (glucoamylase) w i t h  i n -  
creases i n  a p p l i e d  vo l tage.  
Wi lhe lm suggests a v a r i e t y  o f  d r i v i n g  p o t e n t i a l s  may be used, i n -  
c l u d i n g  e l e c t r i c a l ,  pressure, magnetic, and chemical (e.g. , pH). 
Obviously, any p o t e n t i a l  which can be e f f e c t i v e l y  tuned so as t o  
induce a re ta rd - re lease  mechanism cou ld  be used i n  des ign ing  a 
pa ramet r i c  pump. The t r i c k  i s  t o  d i scove r  a r e t a r d a t i o n - r e l e a s e  
mechanism which i s  s e l e c t i v e ,  t h a t  i s ,  on l y  t h e  d e s i r e d  species 

Furthermore, i n  a s h o r t  no te  Lee and Kirwan(6) o u t l i n e d  

(3)  I n  one o f  h i s  e a r l i e r  papers , 
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14 2 RICE 

i s  pumped, w h i l e  o t h e r  species remain s tagnant  o r  move i n  t h e  
opposi te  d i r e c t i o n  (e.g., abnormal isotherm).  
duct ion,  i t  should be noted t h a t  t h e  pa ramet r i c  pumping technique 
i s  n o t  l i m i t e d  t o  c losed (batch)  systems, b u t  can be operated i n  a 
continuous and semi-continuous mode. Recent work on such open 
systems w i l l  a l s o  be t r e a t e d  i n  another sec t i on .  

papers on c y c l i c  processes has r e c e n t l y  appeared (Wankat(7)). The 
c u r r e n t  progress r e p o r t  w i l l  a t tempt  t o  b r i n g  toge the r  the  
o r i g i n a l  t heo r ies  and subsequent c o r r e c t i o n s  ( i n c l u d i n g  a c a r e f u l  
e x p l a i n a t i o n  o f  the mathematics) i n  a manner which i s  t r a c t a b l e  t o  
a nov ice i n  the f i e l d .  It i s  impor tan t  t h a t  new o r  novel separa- 
t i o n  techniques reach as wide an audience as poss ib le ,  e s p e c i a l l y  
those p r a c t i t i o n e r s  ou ts ide  t h e  f i e l d  o f  Chemical Engineering. 
App l i ca t i ons  o f  pa ramet r i c  pumping range f rom i s o t o p e  enrichment 
t o  enzyme separat ion,  and p o s s i b l e  f u t u r e  a p p l i c a t i o n s  toward a 
compact a r t i f i c i a l  kidney. The technique and i t s  f u t u r e  are t r u l y  
mu1 ti -d i  s c i  p l i n a r y .  

Closed Systems 

By way o f  i n t r o -  

A r a t h e r  up-to-date ( t o  Oct. 1973) b i b l i o g r a p h y  o f  pub l i shed  

I n  t h i s  sec t i on ,  t he  e a r l y  work on c losed  (batch)  systems i s  
b r i e f l y  reviewed. 
t h a t  i s  t h e  Direct-Thermal-Mode (DTM) and t h e  Recuperative Mode 
(RM), are t r e a t e d  separate ly .  
Thompson and Bass ( 4 * 5 )  us ing  e l e c t r i c a l  s t i m u l a t i o n  w i l l  be con- 
sidered. 
p a r a p u m p ~ y ,  t h e  p i o n e e r i n g  equilibrium theory o f  P i g f o r d ,  Baker 
and Blum w i l l  be t r e a t e d  i n  d e t a i l .  The s e c t i o n  i s  concluded 
w i t h  a d i scuss ion  o f  t he  problem o f  p r e d i c t i n g  ultimate separatian 
w i t h  spec ia l  a t t e n t i o n  t o  design considerat ions.  

The Equi 1 i b r i  um Theory o f  D i  rect-Thermal-Mode (DTM) 

The p r i n c i p a l  types o f  thermal  s t i m u l a t i o n ,  

I n  a d d i t i o n ,  t he  r e c e n t  work o f  

By way o f  i n t r o d u c t i o n  t o  the  under l y ing  p r i n c i p l e  o f  

To apprec iate t h e  impor tan t  i d e a l i z a t i o n s  o f  P ig fo rd ,  e t  a l . ' s  
Equilibrium Theory, we w r i t e  the  complete chromatographic equat ions 
f o r  a f l o w i n g  s o l u t i o n  w i t h  s i n g l e  adsorbate. 
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PROGRESS IN PARAMETRIC PUMPING 143 

The s o l u t e  balance on combined f l u i d  and s o l i d  phases w i t h i n  
t h e  colutm i s :  

n 

The energy balance on the f l o w i n g  phase i s :  

The s o l u t e  balance on t h e  s o l i d  phase, n e g l e c t i n g  pore d i f f u s i o n ,  
i s :  

o r ,  i n c l u d i n g  pore d i f f u s i o n  

which requ i res  a boundary c o n d i t i o n  

t h e  f l o w i n g  f l u i d - s o l i d  i n t e r f a c e  

- D p a r p =  km(c-c*) 

r e f l e c t i n g  f i l m  r e s i s t a n c e  a t  

(4.1) 

F i n a l l y ,  t he  energy balance on the  s o l i d  phase i s  ( n e g l e c t i n g  
thermal d i f f u s i o n  e f f e c t s  i n s i d e  t h e  p a r t i c l e ) :  

In add i t i on ,  a s p e c i f i c  form f o r  t h e  p e r i o d i c i t y  o f  v e l o c i t y  and 
w a l l  o r  j a c k e t  temperature must be s ta ted ,  a long w i t h  t h e  s p e c i f i c  
t ype  o f  adso rp t i on  e q u i l i b r i u m  r e l a t i o n s h i p  ob ta in ing ,  i .e.  . 

q = f(T,c*) (6) 
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144 RLCE 

Finally, external equations describing mixing and hold-up in the 
respective reservoirs must be written. 

explorations included a single dissipative effect ,  giving a com- 
bined solute balance of: 

The type of model used by Wilhelm and co-workers for computer 

w i t h  a rate expression 

where i”; i s  buzk solids density hence solids composition ( x )  in- 
cludes adsorbed as well as pore f luid.  
complete transport equations given ear l ie r  i t  i s  easy to  deduce 
the dissipative effects which are ignored in Wilhelm’s model. 
these simplified equations, the solid composition includes both 
adsorbed and pore f luid.  

in composition a t  the ends of the packed column, the local com- 

via computer simulation o f  equations ( 7 )  and (8) were quite 
small. 
local equilibrium (k,-) between solid and f luid phases, con- 
siderably simp1 ifying the mathematics. 

Pigford thus proposed to  explore the predictions of an  
equillbrlum situation using equation (7) as the primary transport 
equation coupled with a linear equilibrium relationship taken as 

By comparison with the 

I n  

Pigford, e t  a l . (*)  noticed t h a t  despite the large differences 

position differences (c and c*) calculated by Wilhelm e t  a l .  (3)  

This important observation led Pigford t o  assume perfect 

x M(t) y (9) 

where M i s  the equilibrium constant which depends on bed tempera- 
ture. Inserting (9 )  i n t o  ( 7 )  there results,  

Combining the equilibrium constant with the column hold-up terms, 
this equation i s  rearranged to  read 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
1
3
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



PROGRESS I N  PARAMETRIC PUMPING 145 

where 

Equation (11)  can be solved by the method of characterist ics;  or 
very simply, one can see that the total  differential  of y (z , t )  i s  
written 

Comparing this  with equation ( l l ) ,  one deduces 

provided temperature i s  an undistribute- variat .>, i .e . ,  

f luid velocity i s  ei ther  upward or downward b u t  always a t  a 
constant speed, vo, and hence can be represented by a square wave 
function 

( t ) .  
In the "direct  mode" described by Wilhelm, Rice, Rolke and Sweed, ( 3) 

v = vo sq(wt) . (16) 

The synchronous applied temperature (assuming the bed responds 
instantaneously) produces an in-phase square wave change in equil i -  
brium constant, which can be represented by 

m = mo - a sq(wt) (17)  

where "a" denotes the change i n  m taken around the mean value, mo. 
The negative sign reflects the case of normal isotherm behavior 
such that heating (upflow) produces a reduction i n  solid composi- 
tion while cooling (downflow) increases solids composition. 
serting these periodic functions in the ordinary differential  
equations, (14) and (15) gives 

In- 
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and 

where the important parameter b=a/l+mo i s  defined. 

The l a t t e r  equation shows that  during a half-cycle 

y(1-b sq(wt)) = constant (20) 

The trajectory (character is t ic)  followed by the f luid composition 
wave during a half-cycle is  obtained by integrating eqn. (18) 
g i v i n g  

u O  = t t constant, hot upflow 
Z 

- uO = t t constant, cold downflow 

The term uo represents the velocity of propagation o f  composition 
waves moving through the packing a t  the mean temperature and is 
given by: 

uo = vo/l+mo (22)  

which is always smaller than the f lu id  (solvent) velocity, vo. 
In the foregoing development, complete displacement of reservoirs 
is assumed and furthermore, reservoirs are  taken t o  be perfectly 
m i  xed. 

s t r a igh t  l ines w i t h  s opes uo/l-b d u r i n g  hot upflow and -uo/l+b 
dur ing  cold downflow. Along a character is t ic  path composed of 
connecting straight-1 ne segments, the product y(z,t)[l-b sq(wt)] 
is constant, thus y ( z , t )  undergoes a change i n  values proportional 
t o  the r a t i o  ( l+b ) / ( l  -b) when the character is t ic  t ra jectory passes 
from a cold region into a hot one, and the inverse of this i n  pass- 
i n g  from hot to  cold. Along each o f  the s t r a igh t  segments of a 
character is t ic  l ine,  equation (20) shows t h a t  y (z , t )  i s  constant. 

The t ra jector ies  followed by the concentration waves are  
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PROGRESS IN PARAMETRIC PUMPING 14 7 

A s  Pig fo rd ,  e t  a l .  noted, t h e  problem o f  c o n s t r u c t i n g  a so lu -  
t i o n  i s  reduced t o  t h e  geometr ica l  problem o f  l o c a t i n g  t h e  
c h a r a c t e r i s t i c s  i n  t h e  z versus t p lane  and coun t ing  t h e  number o f  
changes i n  s lope which each c h a r a c t e r i s t i c  experiences. 

tance t h e  concen t ra t i on  wave moves d u r i n g  one hal f -cyc le ,  thus 
f o r  t h e  h o t  upflow: 

I t  i s  u s e f u l  a t  t h i s  p o i n t  t o  w r i t e  expressions f o r  t h e  d i s -  

'H ' 
LH = 

and f o r  c o l d  downflow t h e  p e n e t r a t i o n  d i s tance  i s :  
uc 71 

Lc = 

Fo r  ba tch  systems w i t h  equal displacements per  h a l f - c y c l e ,  uc = 

uH = uo. 
i s  l a r g e  enough, i t  would be p o s s i b l e  f o r  s o l u t e  t o  l eave  one 
r e s e r v o i r  and pass through t h e  column i n t o  t h e  o t h e r  r e s e r v o i r  
w i t h o u t  enrichment and thereby decrease t h e  separa t i on  e f f e c t .  
avo id  t h i s  d e s t r u c t i v e  s i t u a t i o n ,  i t  i s  necessary t o  i n s u r e  t h a t  

One sees t h a t  i f  t h e  column i s  s u f f i c i e n t l y  shor t ,  o r  uo 

To 

LH < h (25)  

where h denotes t h e  column h e i g h t .  T h i s  i s  t h e  bas i s  f o r  t h e  con- 
s t r u c t i o n  i n  F i g u r e  3 a f t e r  P ig fo rd ,  e t  a1.(8) and Chen and H i l l  (9) . 

The method o f  ope ra t i on  i n  W i l  he lm's  o r i g i n a l  experiments 
(and used as t h e  bas i s  f o r  t h e  E q u i l i b r i u m  Theory) was such t h a t  
t h e  volume o f  f l u i d  d i sp laced  a l t e r n a t e l y  f rom t h e  end r e s e r v o i r s  
was equal t o  t h e  i n t e r s t i t i a l  hold-up i n  t h e  column, hence 

von/w = h (26) 

or r e w r i t i n g  

= LH UOT/W h 
l-b = ( l - b ) ( l + m o r  

which shows t h a t  LH < h i f  ( l -b) ( l+mo) > 1.  
b = a/l+rno and eqn. (17) shows t h a t  a < mo hence always ( l -b ) ( l+mo)  
= l+mo - a > 1 and LH < h as r e q u i r e d .  

However, s ince  
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PROGRESS I N  PARAMETRIC PUMPING 149 

Because o f  i t s  importance i n  explaining the o r i g i n  o f  
separation i n  parapumps, we continue w i th  P ig fo rd ’s  development o f  
the Equ i l ib r ium Theory. It should be noted very e a r l y  i n  the d i s -  
cussion tha t  Aris‘”) found t h a t  P ig fo rd  t rea ted  a special  case, 
and a more general theory evolved which w i l l  be presented sho r t l y .  

Referr ing t o  Figure 3, the operation of the  parapump begins 
w i th  the column f i l l e d  w i t h  f l u i d  o f  concentrat ion yo i n  e q u i l i -  
brium w i t h  the s o l i d  a t  the higher system temperature. The bottom 
rese rvo i r  i s  f i l l e d  w i t h  f l u i d  o f  t h i s  same composition. Reservoir 
displacement volume i s  equivalent t o  the i n t e r s t i t i a l  hold-up i n  
the column. The upper rese rvo i r  i s  i n i t i a l l y  empty. The i n i t i a l  
motion i s  upward wh i le  the column i s  hot .  The mixed mean com- 

pos i t i on  o f  the f l u i d  displaced t o  the  top of the column dur ing 
the ho t  nth ha l f -cyc le  i s  denoted by <yT>,,. The well-mixed fea- 
tu re  o f  the s lug  of f l u i d  e x i s t i n g  i n  a reservo i r  a t  the end o f  a 
ha l f -cyc le  i s  fundamental t o  the Equ i l ib r ium Theory, s ince 
Thompson and Bowen‘”) t h e o r e t i c a l l y  p red ic ted  t h a t  rese rvo i r  mix- 
i n g  ac tua l l y  diminishes enrichment, contrary t o  the inference o f  
Sweed and Wilhelm(12). 

To f i n d  the mixed-mean Composition <yT>1 a t  the end o f  the 
f i r s t  ho t  hal f -cycle,  i t  i s  necessary t o  f i nd  the source o f  the 
cha rac te r i s t i c  t r a j e c t o r y  which crosses the l i n e  z = h. The 
number o f  concentrat ion changes owing t o  temperature changes must 
be accounted f o r  i n  order t o  determine the enrichment. During the 
f i r s t  ho t  hal f -cycle,  0 < w t < IT, the cha rac te r i s t i c  l i nes  (see 
eq. 21) which cross z = h a l l  begin along the l i n e  t = 0, where 
y(z, t )  = yo. The concentrat ion remains constant along each o f  the 
cha rac te r i s t i c  l i n e s  (c. f .  eq. 20) proceeding diagonal ly toward 
the l i n e  z = h leading t o  a top product concentrat ion o f  

t h i s  composition i s  now in jec ted  as feed dur ing the co ld  p a r t  
o f  the f i r s t  cycle. 

< 2a, a l l  the cha rac te r i s t i c  l i n e s  crossing z = 0 (en ter ing  the 
During the co ld  downflow per iod of the f i r s t  cycle, T < w t 
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lower reservoir) actually originated from z = 0 d u r i n g  the preced- 
ing hot  half-cycle. This occurs as a consequence of the difference 
in concentration wave penetration distance ( L H > L c ) ,  since the 
magnitude of the characterist ic slope for the ho t  cycle i s  greater 
than the slope for the cold cycle (eq. 21 ) .  The concentration 
y(0, t )  = yo i s  preserved until w t  = T where a change i n  tempera- 
ture takes place. The concentration then changes to  yo (%) as a 
consequence of eq. (20) .  This continues t o  the bottom of the 
column so t h a t  

This diminished concentration comprises the feed for  the hot part 
of the second cycle. 
reservoir concentration proceeds as 

I t  i s  easy t o  see that  the future of lower 

where we introduce the rate factor (eigenvalue) l? = 1-b/l+b. How- 
ever the future of upper reservoir concentrations presents diff i  - 
culties associated with the way waves (bands) of different com- 
position enter the upper reservoir. 
with the number of cycles for a concentration wave t o  move from 
bottom t o  t o p ,  as well as the weighting t o  be associated w i t h  
waves o f  different history in calculating a mixed-mean reservoir 
composition. 

Aris(l0) generalized the special case treated by Pigford e t  
a l .  by lett ing wave velocity uo depend on the equilibrium para- 
meter b as 

That i s ,  we are concerned 

Aris noted that  Pigford’s analysis was not general since a 
characteristic from the origin would arrive a t  the exi t  of the bed 
af ter  a time of exactly 3a/w, hence for this special case 
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which allows only two types of intersection a t  z = h .  

q seems obscure and l i t t l e  guidance was provided in the original 
paper. 
to read 

On f i r s t  glance, the physical meaning of the parameters p and 

However, Chen and Hill") l a te r  rearranged this  expression 

which lends i t se l f  t o  a simple geometrical interpretation as shown 
in Figure 3. In the remainder of the derivation, we assume 
Lc < L H  < h ,  this prevents solute mixing between reservoirs 
(Region I operation according t o  the definitions by Chen and Hil l ) .  
The penetration distance term ( L H  - L c )  i s  the net upward movement 
per cycle of a slug of enriched material, hence "p" i s  the number 
(integer) of complete cycles required t o  transport a portion (any 
portion) of this  slug from the bottom t o  the t o p  reservoir. From 
the geometry, q (0 'q < 1 )  i s  obviously the fraction of this  same 
slug which d i d  not penetrate into the upper reservoir a t  the end 
of the pth hot cycle. A t  the end of the (p+l)th h o t  cycle a l l  of 
the original slug would have been assimilated into the well mixed 
reservoir. 
position waves move into the upper reservoir, b u t  when q > 0 three 
compositions emerge. I t  was also stated t h a t  three i s  the maximum 
number of concentrations which can emerge, b u t  the proof of this  
generalization has yet to be published. 

i t  i s  seen i n  Figure 3 t h a t  three kinds of concentration waves 
(characterist ics) cross the upper boundary a t  z =. h .  Those inter-  
secting along AB have come from the upper reservoir during the 
previous cold-half-cycle and have the composition <yT>* = (%)yo, 
since <yfl  = yo. The enrichment comes from the fact  that com- 
position waves entering along AB ar ise  from characteristics which 

Chen and Hill(') s ta te  that  when q = 0 only two com- 

Returning t o  the second cycle analysis of the upper reservoir, 
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have crossed the vertical l ine a t  w t  = 2a, where there i s  a favor- 
able temperature change. 

For this second cycle, characteristics crossing bo th  the 
regions BC and CD have originated from the in i t ia l  contents of the 
column and have undergone compensating temperature changes before 
entering the t o p  reservoir. 
composition i s  simply yo. 

tains ( p + l )  cycles the in i t ia l  contents no longer affects the 
solution of the problem i f  q > 0 (or p cycles i f  q = 0, see 
Pigford e t  a l . ) .  This reasoning i s  important in setting the 
proper in i t ia l  condition on the general nth cycle finite-dif-  
ference equation, the development of which follows. 

To f i n d  the mean composition of the upper reservoir, one 
simply sums the compositions of the enriched bands, each mul- 
t iplied by a suitable weighting factor. Figure 4 shows contri- 
butions for the general nth cycle; the upper reservoir receives 
bands of material from <yT>n-l,  <yB>n-p-l and <yB>n-p-2. 
entering the t o p  reservoir <yT>n-l suffers one temperature change, 
hence i t s  injection concentration i s  <yT>,,-, (m). The remaining 
composition waves undergo a sequence of compensatory changes hence 
retain their  composition. The weighting associated with each com- 
position wave i s  calculated from the fraction of the half-cycle 
time during which the particular wave i s  injected, or from the 
geometry the weights are 

Hence along bo th  BC and CD the wave 

Continuing in this  way, one sees t h a t  af ter  the system sus- 

Before 

1 +b 

AB/AD = Lc/LH; BC/AD = q(l-Lc/LH); CD/AD 

= ( 1 - q )  ( l - L c / L H )  (34) 

1 -b Since equal displacements are used, Lc/LH = ~ 7 6  for  this  particu- 
la r  case. From this ,  one sees there are only two contributions i f  
q = 0 (which i s  the special case treated by Pigford). Summing up  
the weighted contributions to the t o p  reservoir a t  the end of the 
nth hot-half-cycle, there results for n > p+l 
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Separation factor versus cycle number from the original experiments 
of Wilhelm et a1 (3) (Reprinted with permission from 1nd.Eng.Chem. 
Fundam. ) 
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CD t <y > B n-p-1 Ab (35) 

Hence, the f in i t e  difference relationship describing enrichment 
as a function of cycle number i s ,  a f te r  using eq. (30): 

The complementary solution to this  linear f in i t e  difference equa- 
tion i s  a simple constant which can be determined from a suitable 
in i t ia l  condition, 
a l l  bottom compositions <yB>, are replaced with yo when the 
indices are zero or negative. Thus we have for n < p t 1  

Equation (35) i s  valid for n < p+1 provided 

which i s  independent of q. This relationship provides the means 
for obtaining the in i t ia l  condition for equation (35). 
tion t o  eq. (37) for the case p when n < p+l i s :  

The solu- 

where the constant B i s  determined from the condition <yT>l = yo, 
gi vi ng  

When this  solution i s  coupled t o  the solution of eq. (36) a t  
n = pt1  (or n=p, i f  q=O) ,  the in i t i a l  
established. The general solution t o  
n > pt1 

condition for eq. (36) i s  
eq. (36) takes the form for 
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where the e igenvalue i s  y = (1 -b ) / ( l +b ) .  
(40) a t  n = p+l a l l ows  t h e  a r b i t r a r y  constant  t o  be determined, 
g i v i n g  t h e  complete s o l u t i o n  f o r  n 2 p + l  ( f i n i t e  4): 

Coupl ing eqs. (39) and 

I f  q=O, the  c o u p l i n g  takes p lace  a t  n=p, s ince  t h e  i n i t i a l  column 
contents  would n o t  a f f e c t  t he  r e s e r v o i r  composit ions a f t e r  o n l y  p 
cyc les.  
q=O r e s u l t s :  

Under these cond i t i ons ,  t he  f o l l o w i n g  s o l u t i o n  f o r  n 3 ,  

<YT>n = 2 + &(p-1) - (m) 1-b n-p 
Y O  

which agrees w i t h  the s o l u t i o n  o f  P i g f o r d  e t  a1.(*) where f o r  q=O, 
p=2, i t  was shown: 

2b 1-b n-2 ‘’T’n 2 + - -  l t b  (m) - =  
Y O  

The general s o l u t i o n  (q>O) represented by eq. (41) n e i t h e r  agrees 
w i t h  A r i s ( l 0 )  no r  Chen and H i l l ( ’ ) ,  A r i s ( l 0 )  d i d  n o t  i n d i c a t e  how 
he coupled h i s  s o l u t i o n s ,  b u t  even so,  t he re  i s  an i ncons is tency  
i n  h i s  r e s u l t s .  The Chen and H i l l  (lo) s o l u t i o n  does n o t  account 
f o r  the f a c t  t h a t  when no dead volume e x i s t s ,  t h e  upst roke feed i s  
<yB>n-l, not  <yB>,,. When t h i s  i s  accounted f o r ,  t h e i r  s o l u t i o n s  
agree w i t h  t h e  above r e s u l t .  

as iyT>n/<yB>n g i v i n g  f o r  n 2 p t l  
A separa t i on  f a c t o r  can be d e f i n e d  f o r  t h e  general case (q>O) 

and f o r  n 5 p + l  , t h e  separa t i on  f a c t o r  i s  

(43 )  

(44) 
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The r a t e  o f  increase o f  a, proceeds as n ( s ) n  when n < p t l  
which i s  somewhat fas te r  than the r a t e  when n > p+l. Th i s  seems 
t o  agree wi th  t h e  o r i g i n a l  experiments o f  Wi lhe lm e t  a d 3 )  (see 
F igu re  4). 
the f u l l  r e s e r v o i r s  (no dead volume) a re  d i s p l a c e d  i n  such a way 
t h a t  Lc < LH 5 h, which prevents  s o l u t e  m ix ing  between r e s e r v o i r s  
(Region I accord ing t o  Chen and H i l l " ) ) .  
t r e a t e d  the case when t h e  ex i s tence  o f  dead volume i s  impor tant .  
The s o l u t i o n  o f  t h i s  problem w i l l  be rede r i ved  i n  a l a t e r  sec t i on .  
The e f f e c t  o f  us ing  p u r e l y  s i n u s o i d a l  p o t e n t i a l s  has a l s o  been 
considered(13) and suggests t h a t  t h e  r a t e  o f  enrichment i s  l e s s  
than fo r  square p o t e n t i a l s .  Th is  s tudy p o i n t s  o u t  t h a t  s i n u s o i d a l  
bed temperature c y c l e  can be thought  t o  rep resen t  a thermal d i s s i -  
p a t i  on e f f e c t ,  s ince  square temperature waves appl  i e d  t o  t h e  bed 
j a c k e t  w i l l  appear more n e a r l y  s i n u s o i d a l  i n  t h e  bed cen te r  owing 
t o  thermal d i s s i p a t i o n  effects. 
o f  i n t r o d u c i n g  d i s s i p a t i o n  i n t o  the  e q u i l i b r i u m  model, e s p e c i a l l y  
use fu l  f o r  gaseous separat ions.  

I n s p e c t i o n  of equat ions (43)  and (44) shows t h a t  separa t i on  
f a c t o r  f o r  n < pfl  i s  independent o f  p and q and depends o n l y  on 
b. 
and b. 
est imate b i n  the manner o f  P i g f o r d  e t  a l . ( * ) .  
n < p+ l  and b 4 ,  a u s e f u l  assymptot ic  r e l a t i o n s h i p  r e s u l t s  

The above e q u i l i b r i u m  a n a l y s i s  i s  a p p l i c a b l e  on l y  when 

Chen and H i l l  have 

Th is  prov ides a convenient  method 

Later ,  when n 2 p+1, t h e  separa t i on  f a c t o r  depends on p, q 
For t h e  l a t t e r  case, a s i n g l e  da ta  p o i n t  cannot be used t o  

However, f o r  

(45) 
l+b lnan 2 cons tan t  t n l n ( n )  

Th is  shows t h a t  lnan i s  approx imate ly  l i n e a r  i n  n w i t h  s lope  

seems t o  obey t h i s  s imple fo rm i n  t h e  e a r l y  p e r i o d  o f  c y c l i n g .  

Values o f  p and q can be est imated f rom experiments f o r  n>>p t l  by 
n o t i n g  

l n ( g ) .  F igure 4 shows t h a t  t he  o r i g i n a l  da ta  o f  Wi lhe lm e t  a1 ( 3 )  

2b 1 +b 
Inan 2 l n [ l +q+  -7'~6p + (+3(1-q)1 + n 1n (m) 
These asymptot ic  r e s u l t s  may be u s e f u l  f o r  parameter e s t i -  

mation i n  well-behaved systems. The researcher  i s  caut ioned t o  
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no te  t h a t  a f t e r  a l a r g e  number o f  cyc les one expects t o  produce a 

l a r g e  a x i a l  g r a d i e n t  g i v i n g  r i s e  t o  a s t r o n g  d i s s i p a t i v e  e f fec t  

assoc iated wi th  a x i a l  mixing. One expects t h e  above asympto t i c  
r e s u l t  w i l l  lead t o  a va lue o f  b which i s  sma l le r  than t h e  va lue 

obta ined f rom a smal l  number o f  cycles. By i n c l u d i n g  such d i s s i -  
p a t i v e  e f f e c t s  i n  the  parameter b, one can e a s i l y  imagine a model 

which i nco rpo ra tes  a t ime-va ry ing  Murphree-type t r a y  e f f i c i ency .  
Th is  would seem t o  be a very promis ing avenue t o  exp lo re  f o r  batch 

systems, especi a1 l y  i f  p r a c t i c a l  , easy-to-apply system equat ions 

a r e  t h e  aim. However, i t  would seem t h e  l i n e a r  non -equ i l i b r i um 

r a t e  equat ions ( 7 )  and (8),  coupled w i t h  a l i n e a r  e q u i l i b r i u m  

r e l a t i o n  (eq. 9)  a r e  n o t  i n t r a c t a b l e ,  and pose one of t h e  unsolved 

a n a l y s i s  p r o b l e m  i n  contemporary chemical engineering. 
one would expect t o  o b t a i n  f i r s t  approximations t o  the  a n a l y t i c a l  

s o l u t i o n  us ing  a s i n g u l a r  p e r t u r b a t i o n  technique. 

E f fec t  o f  Reservoi r  Dead Volume on the  E q u i l i b r i u m  Theory o f  DTM 

I n  t h e  o r i g i n a l  e q u i l i b r i u m  theo ry  o f  direct-thermal-mode 

(DTM), P ig fo rd  e t  a l . ( * )  and l a t e r  Ar is ‘ ” )  assumed no dead volume 
e x i s t s  i n  the p e r f e c t l y  mixed t o p  and bot tom rese rvo i r s .  Pumping 

commenced w i t h  one r e s e r v o l r  completely f u l l  (and f u l l y  d i sp laced  
d u r i n g  a h a l f - c y c l e )  w h i l e  the  o the r  i s  i n i t i a l l y  empty. I n  r e a l  

systems, some dead volume (undisp laced r e s e r v o i r  volume) i s  always 
present, f o r  example i n  connect ing l i n e s  and f l o w  d i s t r i b u t o r s .  

The equi  1 i b r i  um theo ry  was extended t o  i n c l  ude dead volume by 

Chen and H i l l ” )  ( us ing  the  nomenclature o f  P i g f o r d  e t  a l . )  and 
a l s o  an at tempt  was made t o  consider  t h i s  problem by Gregory and 

Sweed(14)at an e a r l i e r  date. 

e t  a l .  s o l u t i o n  de r i ved  e a r l i e r  (us ing  t h e i r  nomenclature) and r e -  

d e r i v e  the  s o l u t i o n  o f  Chen and H i l l ,  t h e  d e t a i l s  o f  which were n o t  

the Gregory-Sweed s o l u t i o n  fo r  dead volume e f f e c t s  do n o t  appear t o  
agree w i t h  the r e s u l t s  o f  Chen and H i l l ( ’ ) .  

presence o f  dead volume does n o t  a f f e c t  t he  u l t i m a t e  r e s e r v o i r  
composit ions, b u t  on l y  t h e  t r a n s i e n t  approach t o  s teady-state.  

As a s t a r t ,  

We con t inue  t o  b u i l d  on t h e  P i g f o r d  

g iven i n  t h e i r  o r i g i n a l  paper(’). As p o i n t e d  o u t  by Wankat (7) , 

We no te  here t h a t  t h e  
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Obviously, t he  l a r g e r  t h e  r e s e r v o i r s  r e l a t i v e  t o  t h e  column i n -  
t e r s t i t i a l  f l u i d ,  t he  l onger  i t  takes t o  reach s teady-state.  

We b u i l d  on t h e  p rev ious  system equat ions (c.f. eq. 35) and 
s o l u t i o n s  (e.g. eq. 41) and no te  t h a t  we must a l s o  w r i t e  a system 
of e x t e r n a l  equat ions t o  r e f l e c t  t h e  f a c t  t h a t  r e s e r v o i r  con ten ts  
a re  n o t  completely displaced. Furthermore we must take  n o t e  o f  
t h e  f a c t  t h a t  a p a r t i c u l a r  r e s e r v o i r  composit ion a t  beginn ing and 
end o f  a cyc le  are d i s t i n c t l y  d i f f e ren t ,  hence an a d d i t i o n a l  
n o t a t i o n  must be in t roduced.  

f i n i t i o n s  a re  necessary: 
B u i l d i n g  on the  nomenclature i n  F igu re  5, t he  f o l l o w i n g  de- 

<yTH>,, = c o n t r i b u t i o n  t o  t o p  r e s e r v o i r  composit ion i n j e c t e d  
d u r i n g  h o t  nth ha l f - cyc le .  

<yTC>,, = mixed t o p  r e s e r v o i r  composit ion i n j e c t e d  down d u r i n g  
the c o l d  nth h a l f  cycle. 

<yBH>,, = mixed bot tom r e s e r v o i r  composi t ion i n j e c t e d  d u r i n g  
the h o t  nth ha l f -cyc le .  

<yBC>n = c o n t r i b u t i o n  t o  bot tom r e s e r v o i r  composi t ion i n -  
j e c t e d  d u r i n g  the c o l d  nth h a l f - c y c l e .  

Pene t ra t i on  d i s tances  a r e  de f i ned  t h e  same as be fo re  (Lc, LH,  see 
eqs. (23) and (24 ) )  and t h e  parameters p and q are d e f i n e d  as i n  
eq. (33) and the  d i scuss ion  f o l l o w i n g  t h e r e a f t e r .  

The i n t e r n a l  equat ions a re  now mod i f i ed  t o  r e a d  (compare w i t h  

eq. (30) and (35)) f o r  t he  t o p  r e s e r v o i r  

Note t h a t  <yTC>,, i s  t h e  composit ion, w h i l e  <yTH>,, i s  a c o n t r i b u -  
t i on .  I n  the  bottom r e s e r v o i r  we have: 

where again <yBH>,, i s  t h e  r e s e r v o i r  composit ion, w h i l e  <yBC>,, i s  a 
c o n t r i b u t i o n .  
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Characteristics for batch or continuous pumps containing dead- 
volume 

The e x t e r n a l  equat ions comprise a s o l u t e  balance on t h e  r e s e r -  
vo i r s ,  and f o r  t h e  t o p  we have 

(48) 
IT Q W < Y T H > ~  + VT ‘YTC’n-1 = (VT ’ Q < Y T c > ~  
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The f i r s t  t e rm on t h e  LHS 
r e s e r v o i r  a t  t he  end of nth h o t  ha l f - cyc le ;  t he  second te rm i s  t h e  
amount l e f t  over from prev ious (n-1 ) c o l d  cycle; t h e  sum o f  
these equals the  s o l u t e  contents  o f  t he  t o p  r e s e r v o i r  beginn ing 
the  nth c o l d  (downflow) cyc le .  S i m i l a r l y  f o r  t he  bot tom r e s e r v o i r  

i s  t h e  amount i n j e c t e d  i n t o  upper 

t h  

Thus, we have a f i n i t e  d i f ference system o f  f o u r  equat ions and 
f o u r  unknowns. 
system o f  equations a re  i d e n t i c a l  t o  Chen and H i l l ,  except f o r  t h e  
subsc r ip t s  H and c, where Chen and H i l l  used 1 and 2 r e s p e c t i v e l y .  
However, Chen and H i l l  d i d  n o t  e x p l a i n  t h e i r  nomenclature. 
e s p e c i a l l y  t he  d i s t i n c t i o n  between composition and contribution. 
This  has perhaps c o n t r i b u t e d  t o  t h e  skep t i c i sm o f  t h e  work i n  a 

As before, we make t h e  d i s t i n c t i o n  between cases where n>p 

The i n i t i a l  c o n d i t i o n  i s  yo as before. The above 

r e c e n t  review by Wankat ( 7 )  , 

and n<p. 
s c r i p t s  & ze ro  on t h e  RHS a r e  rep laced wi th  yo, hence 

2b 

For n<p, equat ion (46) i s  r e w r i t t e n  n o t i n g  t h a t  a l l  sub- 

(50) <YTH>n = <yTC>n-l + r+6 yo  

where the f r a c t i o n s  AB/AD, BC/AD, etc. are t h e  same as g iven 
e a r l i e r  i n  eq. (33). 

w i t h  <yT2>,, and <yBl>,, i n  t h e  Chen-Hi l l  nomenclature. 
workers g i ve  <yB2>,,, which i s  n o t  a r e s e r v o i r  composit ion, b u t  a 
c o n t r i b u t i o n ,  hence o f  no value. 

(48) t o  e l i m i n a t e  <yTH>,, g i  v i  ng 

The composit ions we seek are <yTC>,, and <yBH>,,. T h i s  compares 
These 

We f i r s t  so l ve  eq. (50) coupled w i t h  t h e  e x t e r n a l  equat ion 

which i s  e a s i l y  so lved t o  g i ve  

Apply ing the  i n i t i a l  c o n d i t i o n  t o  f i n d  B g ives f o r  n<p: 
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PROGRESS IN PARAMETRIC PUMPING 

which i s  i d e n t i c a l  t o  t h e  r e s u l t  
We n e x t  so l ve  for  <yBH>,, by 

gi ve 

o f  Chen and H i l l .  

combining eqs. (47) and (49) t o  

The i n i t i a l  c o n d i t i o n  on <yBH>,,, i s  yo a t  n=1, hence f o r  n L l :  

where we i n t r o d u c e  the  e igenvalue B f o r  t h e  dead volume case. 

n e x t  i n s e r t  t h e  above express ion i n t o  eq. (46) and use eq. (48) t o  
e l i m i n a t e  <yTH>,, t o  g i v e  f o r  n>p: 

We 

t ( l -q)@n-p- ’ I  

Th i s  has a s o l u t i o n  o f  t h e  form 

(55 1 

<yTC>n = A ’ yo V T Q t  

We r e q u i r e  t h a t  t h e  two s o l u t i o n s ,  eq. (52) and eq. (56), a r e  equal 
a t  n=p t l ,  i f  q i s  f i n i t e ,  p r o v i d i n g  a c o n d i t i o n  t o  f i n d  t h e  con- 
s t a n t  A. Eva lua t i ng  A i n  t h i s  way, we ob ta in  

The t o p  composit ion w i t h  dead volume can now be determined f o r  
n p+1, g i v i n g  

Th is  
t i o n  

r e l a t i o n s h i p  i s  i d e n t i c a l  t o  t h a t  presented w i t h o u t  d e r i v a -  
by Chen and H i l l ( ’ ) .  The bot tom composi t ion i s  g iven by eq. 
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162 RICE 

(54), hence the separation factor for n 2 p+l i s  obtained by 
dividing eq. (58) by eq. (54). 

One would expect in the limit as V T , V B 9  that the relation- 
ship for <yTC>,, should become identical t o  the no-dead-volume 

situation, described by eq. (41) .  This i s  no t  the case because 
without dead-volume, the feed t o  the column during upstroke i s  

< Y ~ > ~ - ~ .  
eq. (58). 
(58) i s  incremented downward t o  read (8-l - 8n-p-2 ) then the re- 
sul ts  become identical. There has been considerable confusion 
regarding the differing results obtained by separate research 
groups. The confusion arises mainly as consequence of incompletely 
explained nomenclature. 
the results now appear t o  be consistent and correct. 

Rate Considerations in DTM 

This i s  n o t  accounted for in the mathematics leading t o  
However, i f  the bracketed expression (1-f3n-p'1) in eq. 

Except for the mi nor corrections noted, 

The equi l i  bri um theory(8) cannot predict the ultimate separa- 
tion (t-) in parapumps, b u t  seems t o  be a good predictor of 
events occurring in the early stages of separation. 
effects (which are ignored in the equilibrium theory) tend t o  
limit the maximum separation obtainable. This important aspect 
will be treated in a separate section enti t led Ultimate Separation. 

pumping. The simplest dissipative effect  we can incorporate in the 
equilibrium model i s  a mass transfer resistance between flowing 
fluid and solid adsorbent. Under each conditions, the non-dis- 
persive solute balance on the fluid plus solid becomes (c.f. eqs. 
(7)  and (8) ) :  

Dissipative 

We now pose one of the unsolved analytical problems in para- 

and the solute balance on the solid phase alone gives the rate 
expression 
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PROGRESS IN PARAMETRIC PUMPING 163 

The mass t r a n s f e r  c o e f f i c i e n t ,  km, can a l s o  i n c l u d e  e f f e c t s  
assoc ia ted  w i t h  pore d i f f u s i o n ( 1 5 ) .  
equi  li b r i  um r e 1  a t i o n s h i p  

F i n a l l y ,  one must pose an 

x = f(y*, T )  (61 1 
T h i s  system o f  equat ions i s  l i n e a r  i f  a l i n e a r  i so the rm i s  a p p l i -  
cable, i .e . ,  

z = M ( t )  y* (62) 

Rhee and Amundson (16) suggest d e v i a t i o n s  from t h e  e q u i l i b r i u m  

Th is  poses an i n t e r e s t -  
t heo ry  a r e  due more t o  t h e  n o n - l i n e a r i t y  o f  t h e  i so the rm (p inch  
reg ions )  than t o  mass t r a n s f e r  res is tance.  
i n g  problem, s i n c e  a l l  isotherms i n t e r s e c t  i n  a t  l e a s t  one p o i n t  
where x and y* a r e  i d e n t i c a l l y  zero. 
v e l o c i t i e s  p r e v a i l i n g  i n  parapumps, one a l s o  expects t h e  mass 
t r a n s f e r  r e s i s t a n c e  t o  be large.  What we conclude f rom these 
cons ide ra t i ons  i s  as fo l l ows .  I n  t h e  e a r l y  c y c l i n g  pe r iod ,  t h e  
e q u i l i b r i u m  theo ry  seems t o  adequately p r e d i c t  t h e  r a t e  o f  separa- 
t i o n ,  e s p e c i a l l y  f o r  open, continuous systems ( t o  be d iscussed 
s h o r t l y ) .  I n  t h e  medium t ime  regime, l o c a l  e f f e c t s  a r i s i n g  f rom 
t r a n s f e r  r e s i s t a n c e  would seem t o  l i m i t  separat ion.  I n  t h e  l o n g  

time regime, one would specu la te  t h a t  g loba l  e f f e c t s  assoc ia ted  
w i t h  the  n o n - l i n e a r i t y  o f  isotherms and l a r g e  a x i a l  g r a d i e n t s  may 
c o n t r o l  t h e  separat ion.  
t i o n  o f  a p o s s i b l e  g raph ica l  procedure(16) f o r  c a l c u l a t i n g  stages 
( c y c l e  number) f o r  a i v e n  separation. 
used by Wakao, e t  a l .? l7)  i n  a aper which predates t h e  compre- 
hensive work o f  Wilhelm e t  ad3!. Attempts have been made 

(no tab ly  by Hung and Lee(”)) t ouse  a s t a g i n g  concept, b u t  a 
general g r a p h i c a l  technique coupled w i t h  a t r a y - e f f i c i e n c y  con- 
cep t  ( t o  r e f l e c t  l o c a l  d e v i a t i o n s  f rom e q u i l i b r i u m )  has y e t  t o  be 
published. Such des ign  techniques have rece ived  scan t  a t t e n t i o n  
i n  t h e  l i t e r a t u r e  and bear  reexamination. 
i ssues  r a i s e d  by Harris(’ ’) should a l s o  be g i ven  c a r e f u l  cons id-  
e r a t i  on. 

However, because o f  t h e  low 

The l a s t  statement leads t o  t h e  considera-  

Such a procedure was indeed 

The impor tan t  p r a c t i c a l  
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164 RICE 

A numerical s o l u t i o n  of eqs 59-61 f o r  t h e  DTM was presented 
(12) by Wi lhe lm e t  al.(3) 

pub l i shed  a more e f f i c i e n t  numerical c a l c u l a t i o n  procedure, c a l l e d  
t h e  STOP-GO algor i thm,  
eqs. (59) t o  (61) was compared w i t h  experiments conducted us ing  

t h e  system toluene, n-heptane on s i l i c a  ge l .  A f t e r  s u i t a b l e  
parameter e s t i m a t i o n  ( t h e  dead volume and t r a n s p o r t  c o e f f i c i e n t  
were manipulated), a good f i t  o f  t heo ry  and experiment evolved. 
It i s  impor tan t  t o  n o t e  t h a t  as much as f i v e  t imes t h e  ac tua l  ex- 
per imenta l  dead volume was necessary i n  t h e  model s i m u l a t i o n  t o  
ob ta in  a good fit. Since t h e  presence o f  dead volume i s  n o t  sup- 
posed t o  i n f l u e n c e  the  u l t i m a t e  separation, i t  would have been 
i n s t r u c t i v e  had t h e  authors used ac tua l  dead volume and then t r i e d  
t o  p r e d i c t  t h e  u l t i m a t e  separa t i on  by s u i t a b l y  man ipu la t i ng  t r a n s -  
f e r  c o e f f i c i e n t s .  
d i c t e d  by t h e  model equat ions depend on t h e  s i z e  chosen f o r  t h e  
dead volume? I f  so, t h e  model would be suspect. 
care must be exe rc i sed  i n  u s i n g  such models f o r  ' a  p r i o r i '  design 
purposes. 

The Recuperative Mode o f  Parapumping 

Bende l i us ( l )  proposed a method o f  c y c l i c  adso rp t i on -deso rp t i on  
which has s ince  been named t h e  Recuperative Mode(3). I n s t e a d  o f  
adding o r  e x t r a c t i n g  heat  through t h e  w a l l s  o f  t h e  column, t h e  s l u g  
o f  f l u i d  e n t e r i n g  t h e  c o l u m  i s  e i t h e r  heated (upf low)  o r  cooled 
(downflow). Otherwise, t h e  mathematical d e s c r i p t i o n  o f  t h e  process 
and t h e  mechanism f o r  separa t i on  i s  t h e  same as t h e  d i r e c t  mode. 
According t o  Gregory(2o) t h e  advantage o f  t h e  r e c u p e r a t i v e  mode i s  
t h a t  i t  avoids t h e  d i f f i c u l t  heat  t r a n s f e r  problem o f  t he  d i r e c t  
mode f o r  l a rge -sca le  equipment. Th i s  may be B f i c t i t i o u s  advantage, 
s ince  one cou ld  use many smal l  tubes (such as m u l t i - t u b e  s h e l l  hea t  
exchanger) i n  a l a r g e  sca le  d i r e c t  mode device. 
mode does seem t o  make t h e  h e a t  recovery problem eas ie r ,  b u t  s i n c e  
degraded forms o f  energy a re  u s u a l l y  used i n  t h e  f i r s t  i ns tance ,  

Sometime l a t e r ,  Sweed and Wi lhe lm 

I n  t h i s  paper, t he  numer ica l  s o l u t i o n  o f  

In shor t ,  d i d  t h e  u l t i m a t e  separa t i on  pre-  

I n  any case, 

The o r i g i n a l  d e s c r i p t i o n  o f  parapurnping by Wilhelm, Rice and 

The recupera t i ve  
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PROGRESS IN PARAMETRIC PUMPING 165 

t h e  advantage i s  o f  marg ina l  consequence. 
a c t u a l  separat ions obta ined so f a r  us ing  the recupera t i ve  mode 
have n o t  been impress ive ( a  = 1.17 f o r  t he  NaCl system s t u d i e d  by 
Rolke and Wilhelm(21)), t h e r e  i s  an i n h e r e n t  disadvantage t o  t h i s  

mode o f  ope ra t i on  which has n o t  been f u l l y  discussed i n  t h e  
l i t e r a t u r e .  To use the  maximum a v a i l a b l e  adsorbent su r face  area 
i n  a recupera t i ve  system, one must d i sp lace  t h e  e n t i r e  i n t e r s t i t i a l  
volume o f  t he  column. 
undergo a temperature cyc le .  However, i t  has been shown e x p e r i -  

l a r g e  f l u i d  displacements induce s t r o n g  d i s s i p a t i v e  e f f e c t s  which 
l i m i t  separat ion.  
e f f e c t i v e l y  operated w i t h  smal l  f l u i d  displacements, t hus  b u i l d i n g  
a much l a r g e r  a x i a l  concen t ra t i on  gradient ,  a t  t he  expense 
n e c e s s a r i l y  o f  p roduc t i on  r a t e .  

promising, a scheme whereby sha l l ow  bed recupera t i ve  dev ices are 
staged i n  a s e r i e s  fash ion  w i t h  i n te r - coo le rs /hea te rs  l i n k e d  i n  a 
coun te rcu r ren t  arrangement ( f o r  maximum heat  recovery)  may be a 
v i a b l e  p r o p o s i t i o n .  
t h a t  t h e  modeling techniques and parameter e s t i m a t i o n  experiments 
o f  Rolke and Wilhelm(21) a r e  perhaps t h e  most complete and mathe- 
m a t i c a l l y  r i g o r o u s  t reatment  on t h e  s u b j e c t  o f  parapumping t o  date. 
It i s  un fo r tuna te  t h a t  t h e  system chosen produced such modest 
s e p a r a t i  ons , s i n c e  t h i s  appeared t o  discourage f u r t h e r  exper i  - 
mentat ion on t h e  technique. 

Design Considerat ions and U l t i m a t e  Separat ion i n  Batch Parapumps 

F i n a l l y ,  w h i l e  t h e  

This  i nsu res  t h a t  a l l  t h e  pack ing p a r t i c l e s  

and r e c e n t l y  exp la ined  t h e o r e t i c a l l y  (15,22) t h a t  

The d i r e c t  mode, on the o t h e r  hand, can be 

While the  f u t u r e  f o r  t h e  recupera t i ve  mode does n o t  appear 

On l e a v i n g  the  sub jec t ,  we should p o i n t  ou t  

Except f o r  t h e  c o m n t s  p u t  f o r t h  by Har r i s ( ” ) ,  t h e  ques t i on  
of equipment s i z e  has rece ived  scan t  a t t e n t i o n  i n  the  1 i te ra tu re .  
Recent ly  (15s22s23b24) ,  t h e r e  have been at tempts us ing  f i r s t  
p r i n c i p l e s  t o  come t o  g r i p s  wi th  t h i s  i m p o r t a n t  ques t i on  f o r  batch 
systems. 
u l t i m t e  separat ion.  

I n  these works, t h e  a n a l y s i s  focuses a t t e n t i o n  on t h e  
T h i s  i s  t h e  s t a t e  i n  a batch system where 
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the time-average r e s e r v o i r  composit ions a re  s t a t i o n a r y ,  hence t h e  
time-average f l u x  a long  t h e  column a x i s  i s  n i l .  A l l  r e a l  batch 
systems reach an u l t i m a t e  separat ion,  s ince  a l l  systems have d i s -  
p e r s i  ve fo rces  act ing.  The types o f  d i s p e r s i v e  forces i n t roduced  
i n t o  a model o f  t h e  u l t i m a t e  separa t i on  determines t h e  var ious 

l e n g t h  and t ime scales necessary t o  reach (as t ime  * m )  a g iven 
separation. 
operat ion no separa t i on  r e s u l t s ;  a t  the o the r  extreme ( i n f i n i t e  
frequency) no separa t i on  i s  expected. A t  t h e  ou tse t ,  then, one 
suspects the re  may e x i s t  a maxima o r  minima (or bo th )  i n  separa t i on  
f a c t o r  as frequency i s  increased. 

evolve simple design r e l a t i o n s  f o r  batch parapumps, and a l s o  t o  
see i f  the re  e x i s t s  an optimum frequency f o r  maximum u l t i m a t e  
separat ion,  

v e l o c i t y  and temperature f i e l d s  was found t o  be o f  s imple s t ruc tu re ,  
namely 

Furthermore, one expects t h a t  f o r  ze ro  frequency o f  

Th is  approach was used ve ry  r e c e n t l y  b y  Foo and Kice(15)  t o  

The fundamental r e l a t i o n s h i p  uncovered f o r  p u r e l y  s i n u s o i d a l  

(L/RI2(Pem) (A/L) Real ($, 1 
lnam = (63)  

E/D + $A/L Pem L/R)2 Real ($,) 

Here, ck, i s  the u l t i m a t e  separa t i on  f a c t o r  as t-. 
dimensionless groups i n  t h i s  r e l a t i o n s h i p  a re  l e n g t h  o f  packing/ 
r a d i u s  o f  column (L/R), f l u i d  d isp lacement / length o f  pack ing 
(A/L), and dimensionless frequency ( P e c l e t  number, Pem = R w/U). 

The complex t ranscendenta l  f unc t i ons  take two d i s t i n c t  forms 
accord ing t o  whether e f f e c t s  owing t o  pore d i f f u s i o n  are lumped 
i n t o  t h e  f i l m  t r a n s f e r  c o e f f i c i e n t ,  o r  descr ibed e x a c t l y  by  s o l v i n g  
t h e  dynamic d i f f u s i o n  equat ion i n  s p h e r i c a l  coord inates.  
severa l  t ranscendenta l  r e l a t i o n s h i p s  f o r  $1 and $* a re  g iven 
elsewhere(15), b u t  a s i m p l i f i e d  ve rs ion  w i l l  be g iven s h o r t l y .  
When pore d i f f u s i o n  i s  unimportant, and f i l m  res i s tance  a long  w i t h  
a x i a l  m ix ing  are t h e  key d i s s i p a t i v e  e f f e c t s ,  t h e  f o l l o w i n g  
s i m p l i f i e d  r e l a t i o n s h i p  r e s u l t s  when thermal response i s  f a s t :  

The impor tan t  

2 

The 
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PROGRESS I N  PARAMETRIC PUMPING 

2 2 2  2 "  Real $2 = Sh(6-1) /(Sh 6 + (6-1) PemL) 

where the dimensionless capacitance f a c t o r  6 i s  
6 = ab (ko  + klT) f 1 + E ( ~ - E ~ ) / E ~  

P 

and 7 i s  the average bed temperature. 

The s o l i d s  hold-up ab i s  given by: 

ab = P~(~-E,,) ( ~ - E ~ ) / E , ,  (67) 

The l i n e a r  adso rp t i on  r a t e  f a c t o r s  (ko,kl) a r i s e  from assuming an 
i so the rm t h a t  obeys 

q = k*c* = ( k o  f klT) c* (68) 

where f o r  normal isotherms kl i s  expected t o  be negat ive.  
Sherwood number i n  t h i s  work i s  taken t o  be 

The 

(69) 
2 SIi = k a R / E ~ D  

m P  
and depends on t h e  s p e c i f i c  form se lec ted  f o r  t h e  f i l m  c o e f f i c i e n t  
(among a s e l e c t i o n  o f  many, see Foo and Rice (15) ) .  

Asymptotic r e s u l t s  use fu l  f o r  p r e d i c t i n g  behavior  when 
can be deduced by cons ide r ing  t h e  case when Sb>Pe,, 

m P  
,,opt 

Pe,,, 1 Pe 
t h a t  i s  when k a >>w. For  these cond i t i ons ,  we ob ta in  

1 ATc lb l k l l  
Real JI1 = ;T (70) 

and 

(71 1 6 -1  2 Real JI1 = (T) /Sh . 
When these are i n s e r t e d  i n  the fundamental separa t i on  f a c t o r  r e -  

l a t i o n s h i p ,  eq. (63), an asymptot ic  express ion t o  es t ima te  
separa t i on  f a c t o r s  can be shown t o  be: 

1 2 6-1 2 E/D + 7(A/L Pe, L/R) (-a) /Sh 
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16 8 RICE 

For l a r g e  columns, t h e  r a t i o  o f  d i s p e r s i o n  c o e f f i c i e n t  t o  molecular  
d i f f u s i o n  (E/D) i s  expected t o  be s i g n i f i c a n t .  The design curves 
given i n  F igu re  
e f f i c i e n t s  a f t e r  Wakao e t  a l .  (25) .  

6 were determined us ing  mass t r a n s f e r  co- 

k,,, D s / O  2 + 1.45 Re1/2Sc1/3 (73) 

where the RMS v e l o c i t y  was used i n  computing Reynolds number. 
Dispers ion was determined a f t e r  t he  work o f  K l inkenberg and 
S j e n i t z u  (26) : 

E/D = 1 + 2 (Ds/R)(L/R)(A/L)Pem (74) 
fi 

A s imple l i n e a r  equat ion f o r  parameter e s t i m a t i o n  purposes 
can be obta ined by i n v e r t i n g  eq. (72)  and l e t t i n g  the second te rm 
i n  eq. (74) dominate a x i a l  d i spe rs ion ,  g i v i n g  

b = -  (DS/R)/[(L/R) A T a b ( k l I / & l  
O Z  

I t  was shown by Foo and Rice(15)  t h a t  a v a r i e t y  o f  experimental 
and s imulated data seemed t o  obey t h e  s imple approximate s o l u t i o n  
represented by eq. (75). For an e q u i l i b r i u m  s i t u a t i o n  (Sh-) w i t h  
no a x i a l  d i s p e r s i o n  (E/D+O), eqs. (72) o r  (75) show t h a t  a, * 01, 

as P i g f o r d  e t  a1.(8) have p r e v i o u s l y  shown. 

separat ion f a c t o r  occurs as frequency i s  increased. The P e c l e t  
number corresponding t o  the  maximum depends s t r o n g l y  on t h e  
s e l e c t i o n  o f  f l u i d  displacement (A/L) and weakly on the Schmidt 
number. 
a t tenuated)  separa t i on  occurs. Th is  aspect i s  discussed more 
f u l l y  elsewhere (15927) ;  s u f f i c e  t o  say separat ion f a c t o r s  p r e d i c t e d  
f o r  t h i s  r e g i o n  are q u i t e  smal l  and opera t i on  the re  i s  n o t  r e -  
commended. 

Inspec t i on  o f  t h e  curves i n  F igu re  6 shows t h a t  a maximum 

2 A t  h igh  frequency (Pe, > 10 ), a reversed (and h i g h l y  
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A simple asymptot ic  design equat ion evolves when t h e  o n l y  
d i s p e r s i v e  forces a re  a x i a l  m ix ing  and f i l m  mass t r a n s f e r  r e -  
s is tance.  
(72) g ives s imply  

Thus, rea r rang ing  the asymptotic r e s u l t  g iven by Eq. 

(ALw) (i ATab I k1 I 16) 
lnc l ,  

1 A2w2Eb 6 1 (76) 
E + F(km"p)(+ 

which i s  independent o f  column diameter, p rov ided  d iameter  does 
n o t  e n t e r  v i a  E o r  k a 
pore d i f f u s i o n  i s  impor tant ,  s ince  f o r  such cases t h e r e  i s  a 
temptat ion t o  use (Foo and Rice(15))a lumped t r a n s p o r t  c o e f f i c i e n t  
which r e f l e c t s  pore d i f f u s i o n ,  i .e .  

The above r e l a t i o n s h i p  does n o t  h o l d  when 
m P' 

k a I  P pore 

=+ 60 D E (1 

S 

(77) 

which u s u a l l y  g ives k a o f  order  w. The development of asymptot ic  
r e s u l t s  i n  eqs. (72) and (76) depend on t h e  c o n d i t i o n  t h a t  Sh>>Pem, 
t h a t  is k a >>w. However, i f  t h e  complete forms f o r  $1 and q2 a r e  
used f rom eqs. (64) and (65), then pore d i f f u s i o n  can be embedded 
i n  t h e  Sherwood number us ing  eq. (77). The reader  i s  caut ioned t o  
remember t h a t  t h e r m l  response has n o t  been inc luded  i n  t h i s  
s i m p l i f i e d  ana lys i s ,  and m a y  be impor tant ,  e s p e c i a l l y  f o r  gaseous 
separat ions on dense adsorbent. 

Consider the  f o l l o w i n g  p r e l i m i n a r y  des ign c a l c u l a t i o n .  Sup- 
pose we take t h e  Sweed-Gregory(28) system where i o n  r e t a r d a t i o n  
r e s i n  (Bio-Rad Agl lA8)  was used t o  s tudy  t h e  d e s a l i n a t i o n  o f  water. 
The h o t  and c o l d  temperatures used were 131°F and 41"F, res-  
p e c t i v e l y ,  g i v i n g  a thermal d r i v i n g  f o r c e  AT = 90°F a t  a mean 
temperature o f  86OF. The l i n e a r  e q u i l i b r i u m  c o e f f i c i e n t  (eq. 68) 
va r ied  w i t h  temperature t o  g i v e  approximate values o f  2 cc/gram 
and 1.5 cc/gram a t  41°F and 13loF,  r e s p e c t i v e l y .  The c a l c u l a t e d  
constants  f o r  eq. (76) a re  ko 2.23 cc/gram and kl = - 5 . 6 ~ 1 0 ~ ~  
cc/gram-OF. 
one-half, and the  pack ing diameter i s  around 0.1 cm. 

m P  

m P  

Voidages f o r  column and pores a re  each taken t o  be 
The compressed 
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PROGRESS I N  PARAMETRIC PUMPING 1 7 1  

s o l i d s  d e n s i t y  ( p , )  i s  est imated t o  be 0.8 glcc. The above i n f o r -  
mation a l l ows  t h e  parameters ab and 6 t o  be computed as 0.4 g/cc 

and 2.2, r e s p e c t i v e l y .  It was s t a t e d  by these workers t h a t  pore 
d i f f u s i o n  and f i l m  r e s i s t a n c e  were both impor tan t  i n  t h e  system 
studied.  
f i l m  r e s i s t a n c e  us ing  eq. (73), which i s  approximated by 

I n  t h e  f o l l o w i n g  des ign c a l c u l a t i o n ,  we i n c l u d e  o n l y  

km E 1.45 (-) Aw 112 D2/3,v1/6 
O S f i  

A t  t he  outset ,  t h e  des ign i s  expected t o  be undersized. 
has been suggested(29) t h e  on ly  e f f e c t i v e  e x t e r n a l  mass t r a n s f e r  

S ince i t  

area i s  pore area, the pack ing f a c t o r  i s  c a l c u l a t e d  from: 

6~ (1-E ) 
a =+ 

S P 

A x i a l  m ix ing  i s  es t ima ted  f rom eq. (74) g i v i n g  approx imate ly  

E E -  A DSw 
lo- 

(79) 

- 

We consider  a s p e c i f i c  exper imenta l  r e s u l t  o f  Sweed-Gregory (28) 

whereby A IL  = 0.8 and t h e  c y c l e  t i m e  used was 20 minutes (w = 5.23 
~ 1 0 ' ~  r a d l s e c ) .  
f a c t o r  o f  3.4 was obtained. 

eq. (76) ,  w i t h  "L" taken as the  unknown, t h e  f o l l o w i n g  a l g e b r a i c  
equat ion r e s u l t s :  

Under these cond i t i ons ,  an u l t i m a t e  s e p a r a t i o n  
I n s e r t i n g  t h e  above in fo rma t ion  i n t o  

L - 3.9652 L1I2 - 5.647 = 0 (81 1 
which i s  q u a d r a t i c  i n  L1l2, 
t o  be: 

which should be compared w i t h  t h e  60 cm o f  packed h e i g h t  a c t u a l l y  
i n s t a l l e d  by Sweed and Gregory(28). The column design i s  under- 
s i z e d  s i n c e  the  impor tan t  d i s s i p a t i v e  e f f e c t  owing t o  pore d i f -  
fus ion has been neglected. However, f o r  p r e l i m i n a r y  sc reen ing  pur-  

poses the above s i m p l i f i c a t i o n  should be considered e n t i r e l y  
adequate. The f i n a l  des ign can be accomplished us ing  eq. (63), i n -  
c l u d i n g  t h e  dynamics associated w i t h  pore d i f f u s i o n  g i ven  elsewhere 

The c a l c u l a t e d  column h e i g h t  i s  found 

L = 26 cm (82) 
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172 RICE 

(15). 

pressed i n  eqs. (64) and (65), and mass t r ans fe r  coef f ic ien t  which 
includes pore diffusion such as eq. (77).  

temperature coef f ic ien t  I k  I ,  since (IklJnT) i s  the d r i v i n g  force 
1 6 

for  separation. What we see here i s  an underlying, b u t  simple, 
d r i v i n g  force for separation which depends e s sen t i a l ly  on the  
average difference i n  the adsorption equilibrium curves a t  the two 
temperatures. The group of parameters AT I k l  I / I S  has e s sen t i a l ly  the  
same significance as the parameter "b"  introduced by Pigford e t  a l .  
(8). 

M/pf i n  eq. ( 9 ) ,  hence the following r e s u l t  i s  obtained 

A simpler approach i s  t o  use the complete functions ex- 

The key parameter i n  the  desi gn calcul a t i  on i s the  equi 1 i bri um 

To see this, we note tha t  k* i n  eq. (68) i s  equivalent t o  

m = k* P ~ ( ~ - E ~ ) / E ~  

and from eq. (17) 
kl ATP, (1-Eb) 

a =  
'b 

which gi ves the  equivalence 

Y 

The above analysis was originally(15) derived by using purely 

v = v sinwt 
sinusoidal driving poten t ia l s ,  i.e. 

0s 
where normally square poten t ia l s  a r e  used (8) 

v = vo sq(wt) 

To use the previous design re la t ions  for  conditions of square 
velocity poten t ia l ,  the displacements should be made equivalent, 
t ha t  i s  

vos sinwt d t  = v0($) (84) 
0 

whi ch requires 
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PROGRESS IN PARAMETRIC PUMPING 173 

n 
vos = 2 vo 

and s ince  vo = A/(.rr/w) ( t h a t  i s  displacement l e n g t h  d i v i d e d  by 
h a l f - c y c l e  t i m e ) ,  t h e  e q u i v a l e n t  v e l o c i t y  i s  

v 0s = A 4 2  (85 1 
where A denotes displacement f o r  a square v e l o c i t y  wave. 

Recent A p p l i c a t i o n s  and Ideas 

Hamri n and co-workers (30’31’32) a t  t he  U n i v e r s i t y  o f  Kentucky 
have a p p l i e d  t h e  DTM t o  severa l  novel systems. I n  a d d i t i o n  t o  t h e  
DTM work, hydrogen i so topes  were con t inuous ly  separated i n  t h e  gas 
phase us ing  hea t less  adsorpt ion(33)  u s i n g  a process ing scheme 
s i m i l a r  t o  pa ramet r i c  pumping. 

The separa t i on  o f  aseous Boron i so topes  was r e p o r t e d  by 
Schroeder and H a n ~ i n ( ~ l ! ,  however t h e  separa t i on  f a c t o r s  obta ined 
(1.02 t o  1.028) were q u i t e  small .  
S h a f f e r  and Hamrin(”) obta ined enzyme separat ions u s i n g  c y c l i c  pH 
t o  promote the  r e t a r d a t i o n - r e l e a s e  mechanism. 
separate SO2 f rom a i r  was r e p o r t e d  by P a t r i c k ,  Schrodt  and Kermode 
(32) t o  g i v e  separa t i on  f a c t o r s  up t o  130. 

separate a multicomponent m i x t u r e  o f  toluene, an i l ine-n-heptane on 
s i l i c a  gel.  

on open systems. 
Thompson and co-workers (4s5) a t  t h e  U n i v e r s i t y  o f  B r i t i s h  

Columbia used e l e c t r o s o r p t i  on-desorpti  on t o  separate NaCl f rom 
water  i n  batch and continuous systems. Separat ion f a c t o r s  f o r  t h e  

3 bes t  batch system(25) were r e p o r t e d  t o  be l a r g e  ( > l o  ). Operat ion 
i s  e x a c t l y  analogous t o  t h e  DTM parapump, except r e t a r d a t i o n  i s  
accomplished by i o n - s e l e c t i v e  membranes, i o n  i n j e c t i o n  t o  t h e  mem- 
branes be ing  induced by an a p p l i e d  e l e c t r i c  p o t e n t i a l .  
(deso rp t i on )  mechanism i s  accomplished by r e v e r s i n g  p o t e n t i a l .  

bas i c  s t r a t e g y  o f  t he  process i s  t h e  same as parapumping, and i n  
f a c t  Wilhelm and c o - ~ o r k e r s ( ~ )  envisaged an i n t e n s i v e  v a r i a b l e  
such as e l e c t r i c i t y  o r  magnetism t o  cause t h e  e s s e n t i a l  r e t a r d -  

I n  another  novel a p p l i c a t i o n ,  

A batch DTM t o  

Chen, L in ,  Stoker  and Fab is iak  (34) used continuous DTM t o  

Th is  e f f o r t  w i l l  be discussed more f u l l y  i n  t h e  sec t i on  

The r e l e a s e  
The 
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release mechanism. 
original paper by Thompson and Bass('l). One of t h e i r  important 
experimental innovations was t o  d i v i d e  a half-cycle in to  unequal 
Pause-flow increments. This idea would seem t o  be worth applying 
t o  thermal parapumps, since mass t r ans fe r  coef f ic ien t  depends 
strongly on temperature (roughly as T3/' f o r  l i qu ids ) ,  hence fi lm 
resistance d i f f e r s  s ign i f icant ly  f o r  hot and cold cycle. 

In connection w i t h  an electrosorption retardation mechanism, 
Lee and Kirwan(') have very recently shown t h a t  cer ta in  biological 
molecules (e.g., glucoamylase) are se lec t ive ly  adsorbed on carbon 
and the amount adsorbed depends upon the d i rec t ion  of applied 
voltage. 

The problem of parametric pumping as a candidate model fo r  
ac t ive  human ce l l  transport  has recently been reconsidered. 
or ig ina l ly  by W i l h e l n ~ ( ~ ~ ) ,  the parapump model of ac t ive  c e l l  trans- 
port was c r i t i c i zed  by B ~ o i j ' ~ ~ )  because of a length and time sca l e  
problem; tha t  i s  scaling down from laboratory apparatus of length 
50-100 cm, t o  biomembrane thicknesses of 50-100 A and from para- 
pump frequencies of Hz t o  a l iv ing  c e l l  frequency expected 
i n  the range of 10 -10 Hz. In a recent exchange of correspondence 
( 3 7 ) ,  Rice provided an order o f  magnitude analysis fo r  t h i s  sca l ing  
problem based on the theoretical  r e su l t (24 )  t h a t  maximum parapump 
separations l i e  i n  a range where the Peclet number i s :  

Several new ideas were implemented in  the  

Posed 

6 8  

A ro w 
1 5 (7) 5 3 

7 An order of magnitude calculation u s i n g  w = 2 ~  10 Hz, A = ro ( f l u i d  
displacement equals pore radius) and molecular diffusion = 
sec ,  gave a conservative estimate of pore radius as 69". This re- 
sul t was c r i t i c i zed  by Booi j ( 3 6 )  who contended '. . . the pore s i z e  
should be 7 A a t  the utmost.' Because of the range of lengths and 
frequencies or ig ina l ly  suggested by Booi j(36), one can eas i ly  
se l ec t  the most favorable of the suggested conditions t o  see i f  a 

8 pore s i z e  < 7 /i can be calculated. 
D = 10 cm /sec and .-+ = 1 ,  there r e su l t s  

2 cm / 

Taking A = 100 A, w=2n10 Hz, 
-5 T Ar w 
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-8 = 1.6 x 10 cm = 1.6 A 1 o - ~  r =  
6 . 2 8 ~ 1 0 ~  100/10 

Thus, the precise outsome of the calculation depends on the 
par t icu lar  selection of the physical variables suggested by Booi j 
in  the f i r s t  instance. 

I f  the original physical estimates s ta ted  by Booi j (36)  are cor rec t ,  
t he  candidacy for  the parapump model o f  ac t ive  ce l l  transport  can- 
not be dismissed on the grounds o f  frequency and length scale.  

where i t  i s  proposed t o  l e t  the device serve as a c a t a l y t i c  
chemical reactor.  This approach applied t o  a s ing le  pore with re- 
versible reaction occurring a t  the  pore wall may be worth applying 
t o  the ac t ive  human ce l l  transport  problem, where the  equilibrium 
constant associated with the reversible reaction may be controlled,  
perhaps, by e l ec t r i ca l  po ten t ia l .  In the  paper by Apostoloupoulos 
(39), a near-equilibrium approach was used t o  model the  chemical 
parapump. This work leads t o  the  conjecture t h a t  a s ing le  uni t  
could serve as reactor and separator. 
use a Murphree-type stage efficiency (deviation from equi l i b r i  urn) 
t o  explain the excursions of experimental separations from the  
Equi l i  bri um Theory. 
consideration in this paper. 

duced transport" associated w i t h  parapumping and conventional 
separation methods. The enrichment problem i s  shwn t o  have the  
dual-temperature process as the steady counter-part, and the  split- 
t i ng  ( s t r i p p i n g )  problem i s  shown to  be anologous t o  extraction. 
In t h i s  regard, Wankat(41) has reported experiments on a l iquid- 
l iquid extraction parametric pump, b u t  separation fac tors  are qui te  
small. However, theoretical  predictions ind ica te  promisi-g possi- 
b i l i t i e s  i f  the prac t ica l  problems can be overcome. 

The real  point of the exercise i s  an order 
o f  magnitude analysis,  and this was not appreciated by Booij (38) . 

A novel application of parapumping has recently appeared (39) 

The work a l so  undertakes t o  

There a re  several ideas which deserve careful 

Horn and L i n ( 4 0 )  have discussed the analogy between the "in- 
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Open Systems 

Open systems a r e  operated i n  such a way t h a t  feed i s  i n j e c t e d  
and p roduc t  ( o r  products)  a re  removed i n  a continuous o r  semi- 
continuous way. 
purpose are shown i n  F igu re  7 .  The o s c i l l a t i n g  U-tube arrange- 
ment i n  t h i s  f i g u r e  ( o r  back-to-back parapump a f t e r  Thompson and 
Bowen (I1)) would appear t o  o f f e r  severa l   advantage^(^*). F i r s t ,  
t h e  l e a k  problem associated w i t h  r e c i p r o c a t i n g  p i s t o n s  i s  e l i m i -  
nated, as w e l l  as t h e  i n i t i a l  costs  associated w i t h  purchasing a 
pulsed flow device (e.g. i n fus ion -w i thd rawa l  pumps). Secondly, 
t he  dev ice can e a s i l y  be used i n  a batch o r  continuous mode o f  
operation. 
the means o f  o b t a i n i n g  p e r i o d i c  f low.  

Two t h e o r e t i c a l  t reatments o f  t h e  equi  li b r i  um open system have 
ap eared, namely t h a t  o f  Chen and H i d 9 )  and Gregory and Sweed(14' 
43'. Chen and c o - w ~ r k e r s ( ~ ~ , ~ ~ )  have a l s o  t e s t e d  t h e i r  t heo ry  on 

Several arrangements fo r  accompl ish ing t h i s  

F i n a l l y ,  t he  dev ice i s  e a s i l y  staged u s i n g  g r a v i t y  as 

experimental systems, i n c l u d i n g  a mu1 ti-component separa t i on  (34) . 
Because Chen and H i l l " )  used t h e  nomenclature o f  P i g f o r d  e t  a l .  (8) 

and f o r  t h e  sake o f  consistency, we cont inue t o  use t h e i r  t h e o r e t i -  
c a l  development f o r  open systems. 
gard ing t h e  consis tency o f  t h e  Chen-Hil l  t h e o r e t i c a l  r e s u l t s ,  hence 
we r e d e r i v e  t h e  model p r e d i c t i o n s  f o r  t h e  most impor tan t  case w i t h  
feed a t  t he  t o p  and L c < L k h  which assures complete s o l u t e  removal. 
Ac tua l l y ,  complete separa t i on  i s  assured as l ong  as the  c o l d  
s o l u t e  f r o n t  does n o t  pene t ra te  i n t o  the lower  r e s e r v o i r ,  t h a t  i s  
Lc<h (Region I " ) ) .  The development f o l l o w s  a long t h e  l i n e s  lead- 
i n g  up t o  eq. (581, w i t h  p a r t i c u l a r  re fe rence  t o  F igu re  5 .  The i n -  
t e r n a l  t r a n s p o r t  r e l a t i o n s  a r e  t h e  same as represented by eq. (46) 
for  t h e  upf low and eq. (47) f o r  t h e  downflow. We note again t h a t  

<yTH>,, and <yBC>n are c o n t r i b u t i o n s ,  n o t  composit ions. As before, 
VT represents  t h e  dead volume o f  t o p  r e s e r v o i r ,  and VB t h e  dead 
volume o f '  t h e  bottom. The symbol Q denotes t h e  p i s t o n  volume 
d i  s p l  aced. 

There i s  some con t rove rsy  re -  
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FIGURE 7a QtA 

1 

HOT COLD 

FIGURE 7c - 

Qo* YO 

COLD HOT 

-l 
QB,Y B 

FIGURE 7 

Suggested types of continuous devices ( a )  Af te r  Chen and H i l l  (9 )  

(b) After Gregory and Sweed(14) ( c )  After  Foo (42) 
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External  equat ions must be w r i t t e n  t o  r e f l e c t  t h e  mass 
a d d i t i o n  t o  and removal from t h e  system. 
t i o n  o f  how t h i s  was done i n  the  Chen-Hil l  scheme i s  shown i n  
F igure 7. I n  what fol lows, t h e  s u b s c r i p t  “H” r e f e r s  t o  t h e  h o t  
upflow p a r t  of a cyc le ,  w h i l e  “ C ”  denotes t h e  c o l d  downflow h a l f -  

cycle. The f r a c t i o n s  +T and GB r e f e r  t o  the  f r a c t i o n  o f  t h e  d i s -  
placement volume Q removed a t  t h e  t o p  and bottom, r e s p e c t i v e l y .  
The symbol <yTpH>n represents  t h e  t o p  p roduc t  composi t ion which i s  
removed f rom t h e  system d u r i n g  t h e  h o t  upflow p a r t  o f  t h e  nth cycle, 
w h i l e  <yTpc> represents  t h e  t o p  product  removed d u r i n g  c o l d  down- 
f low. A t  t h i s  p o i n t  we comment on t h e  symbolic method o f  o p e r a t i o n  
o u t l i n e d  by Chen and H i l l ( ’ ) .  
i n g  j u s t  upstream t o  products  wi thdrawal  on upflow. Th is  does n o t  
seem t o  be a sens ib le  o p e r a t i n g  scheme, s i n c e  feed i s  a l lowed t o  
d i l u t e  t h e  enr iched stream l e a v i n g  t h e  t o p  o f  t h e  column. An 
a l t e r n a t e  and perhaps b e t t e r  method o f  ope ra t i on  i s  suggested by 
Gregory and Sweed(14). 
appears t o  e l i m i n a t e  t h e  d i l u t i o n  problem mentioned above. 
tube scheme shown i n  F igu re  7 can a l s o  be designed t o  min imize 
m ix ing  o f  feed and en r i ched  product. 

g ives f o r  upflow: 

A schematic representa-  

n 

These workers show t h e  feed en te r -  

The i r  scheme i s  somewhat more complex, b u t  
The U- 

Tak ing m a t e r i a l  balances around t h e  feed  p o i n t  (F igure 71, 

Th is  can be w r i t t e n :  

’QB +T++B 
<J”yPC’n = 1-$ <YTC>n - yo 

A s o l u t e  balance on t h e  t o p  r e s e r v o i r  g ives f o r  upflow: 
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(89) 71 
= ( V T  -I- Q W) <YTPc>,, 

which s imp ly  sums the  amount o f  i n j e c t e d  m a t e r i a l  p l u s  t h e  m a t e r i a l  
con ta ined  i n  t h e  r e s e r v o i r  be fo re  i n j e c t i o n ;  t h e  m i x t u r e  o f  these 
g ives t h e  composit ion o f  m a t e r i a l  t o  be i n j e c t e d  i n t o  t h e  column 

d u r i n g  t h e  f o l l o w i n g  c o l d  downflow ha l f - cyc le .  
bot tom s e c t i o n  w i t h  continuous p roduc t  withdrawal, t h e  s o l u t e  
balance around t h e  p roduc t  removal p o i n t  g ives f o r  downflow 

I t  f o l l o w s  f o r  t h e  

<yBC>n = <yBPC>n (90) 

<’BH>n = <YBPH>n (91 1 
and f o r  upf low 

To account f o r  e f fec ts  o f  dead volume i n  t h e  bottom r e s e r v o i r ,  a 

s o l u t e  balance shows 

f o r  s i m i l a r  reasons as f o l l o w i n g  eq. (89). 

Over t h e  complete cyc le ,  t h e  average t o p  p roduc t  composi t ion 
i s  s imp ly  

<YTPC>n + <YTPH’n 
<yTP>n = 

p rov ided  I$T i s  t h e  same for  each ha l f - cyc le .  
Since t h e r e  a re  seve ra l  dependent v a r i a b l e s  t o  choose f o r  

genera t i ng  a f i n i t e - d i f f e r e n c e  equation, we e l e c t  t o  e l i m i n a t e  t h e  
p roduc t  composi t ion v a r i a b l e s  and o b t a i n  an equa t ion  which can be 
so l ved  i n  con junc t i on  w i t h  t h e  i n t e r n a l  equat ions (egs. 46 and 47). 
We f i r s t  e l i m i n a t e  <yTpH>,, by combining t h e  t o p  r e s e r v o i r  eq. (89) 
w i t h  the  upflow feed -po in t  balance, eq. (86), t o  g i v e  

l+@T vT 
<yTH>n = 1-0s [(l ’ <YTPC>n 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
1
3
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



RICE 180 

Next, equation (88) i s  used t o  e l im ina te  <yTPc>’ g i v ing  

1’48 1’OT vT 
<yTH>n = l-IpT @(’ ’ <YTC>n 

which i s  i d e n t i c a l  t o  the r e s u l t  o f  Chen and H i d 9 ) ,  except f o r  a 
mispr in t  i n  the second term, RHS. 

d i f fe rence r e l a t i o n  by combining eqs. (46) and (47) w i t h  eq. (94); 
equating (46) and (34) gives 

We are now i n  a pos i t i on  t o  determine the re levant  f i n i t e -  

AB l t b  BC CD 
Ab(T-6) <YTC’n-l ’ 11b <YBH>n-p-l ’ Ab “SH’n-p 

To determine the <yBH>,, terms, we combine the  bottom reservo i r  
balance, eq. (92) ’  w i t h  the i n t e r n a l  balance, eq. (47), t o  give a 
f i r s t  order f i n i t e - d i  f ference equation: 

This has the so lu t i on  assuming <yBH>,, i s  yo a t  n=l , 

CyBH>n - n-1 
Y -- 

YO 

where the associated eigenvalue i s :  

VB/QTT/W + (GI 
Y =  

(97 1 

The co ld  downflow composition, <yBC>,,, i s  obtained by i n s e r t i n g  
(97) i n t o  eq. (92 ) ,  which gives 
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(99) 1-b n-1 = 
'YBC'n = (m) Y <y B P C > n 

These two impor tan t  r e s u l t s  represented by eqs. (97) and (99) agree 
w i t h  t h e  under ived r e s u l t s  o f  Chen, Rak, Stokes and H i l l  (44) . 

The r e s u l t i n g  eq. f o r  <yBH>,, i s  f i n a l l y  i n s e r t e d  i n t o  eq. (95), 
n o t i n g  t h a t  t h e  we igh t i ng  f a c t o r s  f rom eq. (34) a r e  c a l c u l a t e d  

us ing  Lc/LH = (-jq-)(m), '+@I3 1-b s ince  column displacement i s  n o t  

symmetric. When t h s  i s  done, the re  r e s u l t s  

Th is  i s  a ted ious  b u t  s imple f i n i t e - d i f f e r e n c e  equat ion o f  t h e  form 

yn+l - Ayn = c+dn. The e igenvalue f o r  t h e  complementary s o l u t i o n  
i s  

"T 
(1 + w)l 

t h e  s imple f u n c t i o n a l  form 

<yTC>,, = AXn + By" + <yTC>- 

The technique t o  s o l v e  t h i s  problem proceeds e x a c t l y  as t h e  
development fo r  batch systems w i t h  dead volume g iven e a r l i e r .  
s o l u t i o n  was n o t  completed by Chen and H i l l  i n  t h e i r  f i r s t  paper 
on the  s u b j e c t  b u t  i s  g iven w i t h o u t  d e r i v a t i o n  i n  a subsequent 
pub1 i c a t i  on(441. The f i n a l  r e s u l t s  g i  ven(44) are n o t  compact and 
a r e  presented i n  such a ted ious  way as t o  obscure t h e  s i m p l i c i t y  
o f  t he  f i n d i n g s ,  e s p e c i a l l y  t h e  dependence on the  two under l y ing  
eigenvalues, y and A. 

The 
(9) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
1
3
 
3
0
 
J
a
n
u
a
r
y
 
2
0
1
1



182 RICE 

For n < p t l ,  t h e  <yBH> terms appearing on t h e  LHS o f  eq. (95) 
a re  rep laced w i t h  yo as before,  g i v i n g  

S i m i l a r l y ,  t he  r e l a t i o n s h i p  f o r  the case n > p t l ,  a f t e r  re -  
a r rang ing  eq. (99), i s  

= <YTC>n - ‘YTC’n-1 (104) 

Equations (102) and (104) comprise t h e  system o f  f i n i t e - d i f -  
ference r e l a t i o n s .  The s o l u t i o n  f o r  n < p t l  i s ,  t a k i n g  <yTc> - 

n - Y o  
a t  n = l :  

(105) 
where 

<YTC>n/Yo = ’ G (1 - A”’) 

The general s o l u t i o n  t o  eq. (104) fo r  n > p t 1  i s  

( 1 - Lc/LH 1 XY 
<yTC>,, = AXn - (qy“P-2 t (1-q)y”P”) K(1-X) 

+ 2 ($B++T 1 / ( 1-$B 1 (1-4T 1 ( 1 - A )  K (107) 

The a r b i t r a r y  constant  A i s  evaluated as be fo re  by c o u p l i n g  t h e  two 
s o l u t i o n s  a t  n = p t l ,  which g ives 
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The r a t e  o f  enrichment i s  thus seen t o  be a s imple f u n c t i o n  o f  t he  

two system eigenvalue, y and A. I nspec t i on  o f  eq. (98) shows t h a t  
f o r  a l l  cases y<1. Furthermore, f o r  complete removal o f  s o l u t e  we 

Ac tua l l y ,  complete s o l u t e  remobal i s  assured when Lc<h, which means 
Q (1 + O B ) ~ / w  

t h i s  i n  mind, i t  i s  easy t o  see from eq. (101) t h a t  A < 1 ,  hence t h e  
u l t i m a t e  concen t ra t i on  as n- i s  

r e q u i r e  Lc 5 LH < h g i v i n g  1 +OB ( 1 -b) 5 1 which means b $B. 

< h, a useful r e l a t i o n  fo r  p r a c t i c a l  est imates. With mvmq 

which reduces t o  

The top  product  composit ion a t  s teady-state can be computed f rom 
t h i s  ( o r  by a s imple o v e r - a l l  balance) a long w i t h  eq. (88) t o  give: 

which i s  
The t h e o r e t i c a l  r e s u l t s  have been favo rab ly  compared w i t h  ex- 

periments us ing  t h e  system to luence - n-heptane on s i l i c a  ge l  
(44s45). The reader  should bear i n  mind t h a t  Lc 5 LH < h f o r  com- 
p l e t e  separation, hence b LO,, where $B = B/Q, ( t h e  r a t i o  o f  
bottom p roduc t  volume t o  p i s t o n  displacement volume). 

Concluding Remarks 

i d e n t i c a l  t o  t h e  r e s u l t  o f  Chen and H i l l  (9)  . 

The equations f o r  t h e  e q u i l i b r i u m  theo ry  o f  batch and con- 
t i nuous  systems have been d e r i v e d  and solved, i n c l u d i n g  t h e  i m -  
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portant modifications t o  date, w i t h  special attention t o  a general 
solution technique. 
operation when suitable modifications are applied. 

batch systems has been presented which includes the important 
dissipative effects associated with film resistance and axial mix- 
ing. The design relation gives ultimate steady-state separation, 
which i s  the maximum possible separation for the transient in a 
batch system. 
forces, the new theory i s  in accord with the predictions of the 
equilibrium theory. 
optimum frequency t o  maximize ultimate separation. 

I t  i s  n o t  expected t h a t  parametric pumping will become a 
traditional unit-operation, however there i s  now clear evidence 
in the l i terature  t h a t  the technique constitutes an important 
option when conventional separation methods fa i l  or become un- 
economic. 

fully considered as a candidate model for active human cell  trans- 
port, with attention needed in uncovering the existence of a 
plausible retard-release mechanism. 
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Nomenc 1 a ture 

A = in te rs t i t i a l  fluid displacement length 
a 

ah  
P a 

b 
C 

= temperature coefficient, defined by eqn (17) 
= particle area for heat transfer per u n i t  particle volume 
= particle area for mass transfer per unit particle volume 
= a/l+mo, defined by eqn (19) 
= bulk fluid composition, moles/cc 
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C* 

Cf SCs 

DP 
DS 

D 

E 

AHads 
h 

hP 
km 
k* 

ko, kl 
L 

Lc’LH 
M 
m 

mO 

P 
9 

Q 
r 
R 
Re 
sc 
Sh 
T 

TS 

vO 

t 
V 

X 

Y 
2 

= equilibrium fluid composition, moles/cc 
= fluid,  solid heat capacity, respectively 
= diffusion coefficient 
= pore diffusion coefficient 
= diameter solid packing piece 
= eddy dispersion coefficient 
= heat of adsorption 
= height of column (same as L )  
= particle heat transfer coefficient 
= mass transfer coefficient 
= linear equilibrium constant, defined by eqn (68) 
= equilibrium temperature coefficients, defined by eqn (68) 
= length of packed column 
= solute penetration lengths, defined by eqns (23)  and (24)  
= equilibrium constant, defined by eqn (9 )  
= equilibrium constant, defined by eqn (17) 
= constant defined by eqn (17)  
= Feclet number for mass transfer, R w/D 
= defined by eqn (33)  
= defined by eqn (33) or used as solids composition as in 

= volumetric fluid displacement 
= radial coordinate 
= column radius 
= Reynolds number, VoDs/v 
= Schmidt number, v/D 
= Sherwood number, defined by eqn (69) 
= fluid temperature 
= solid packing temperature 
= local time 
= in te rs t i t i a l  velocity 
= superficial velocity 
= solid composition, moles/gram solid 
= fluid composition, moles/mole solvent 
= axial coordinate 

2 

eqn ( 4 )  
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Greek 

a = thermal d i f fus iv i ty  
= separation factor  fo r  n t h  cycle n 
= defined by eqn (67) “b 

aa. = ultimate separation f ac to r  
B = eigenvalue, defined by eqn (54) 
r eigenvalue, defined by eqn (30) 
Y = eigenvalue, defined by eqn (98) 
6 = defined by eqn (66) 

Eb,Eb = pore and bulk voidages, respectively 
h = eigenvalue, defined by eqn (101) 
P = viscosity 
V = kinematic viscosity 

Ps,Pf 
4B,$ 
w = frequency 

- 
a 

= sol id ,  f l u id  densi t ies ,  respectively 
= bottom and top product volumes as f ract ion of Q 

(4) 

( 5 )  

(9) 
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